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Abstract. Given a monoid defined by a presentation, and a homotopy base for the 
derivation graph associated to the presentation, and given an arbitrary subgroup of the 
monoid, we give a homotopy base (and presentation) for the subgroup. If the monoid 
has finite derivation type (FDT), and if under the action of the monoid on its subsets 
by right multiplication the strong orbit of the subgroup is finite, then we obtain a finite 
homotopy base for the subgroup, and hence the subgroup has FDT. As an application we 
prove that a regular monoid with finitely many left and right ideals has FDT if and only 
if all of its maximal subgroups have FDT. We use this to show that a regular monoid 
with finitely many left and right ideals satisfies the homological finiteness condition FP3 
if all of its maximal subgroups satisfy the condition FP3. 
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1. Introduction 

Geometric methods play an important role in combinatorial group theory (see [l 



More recently, in [27]] Squier (and in independent work Pride [22], and Kilibarda [12]) has 
developed a homotopy theory for monoids. Given a monoid presentation, Squier constructs 
a graph, called a derivation graph, and then defines certain equivalence relations called 
homotopy relations on the set of paths in the graph. A set of closed paths that generates the 
full homotopy relation is called a homotopy base. A monoid defined by a finite presentation 
is said to have finite derivation type (FDT) if there is a finite homotopy base for the 
presentation. Squier showed that FDT is a property of the monoid, in the sense that it is 
independent of the choice of (finite) presentation. 

The homotopical finiteness condition FDT was originally introduced as a tool for the 



study of finite string rewriting systems. It was shown in 27J] that if a monoid is defined 
by a finite complete rewriting system then that monoid has FDT. In [3] Kobayashi 
showed that every one-relator monoid has FDT; it is still an open question whether every 
one-relator monoid admits a finite complete rewriting system. More background on the 



relationship with finite complete rewriting systems may be found in 21] 
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There are also important connections to the homology theory of monoids. If a monoid 
has FDT then it must satisfy the hom olog ical finiteness condition FP3, and for groups 
FDT and FP3 are equivalent; see 0], [11], [3 and @j. In [23| it was shown that for 



monoids FDT and the homological finiteness condition FHT (in the sense of [3l|) are not 
equivalent. In addition to this, Squier's homotopy theory has been applied in [9| to the 
study of diagram groups, which are precisely fundamental groups of Squier complexes of 
monoid presentations. 

One important area in the study of finiteness conditions is the consideration of their 
closure properties. Given a finiteness condition how does the property holding in a monoid 
relate to it holding in the substructures of that monoid (and vice versa)? For groups 
when passing to finite index subgroups, or finite index extensions, the properties of being 
finitely generated, finitely presented, having FP n , or having FDT are all preserved; see 
[lf|, [2]. Results about the behaviour of FDT for monoids, when passing to submonoids 
and extensions appear in [291 ] . 17], [13], [2(J, [13] and [l9| . 



In this paper we investigate the relationship between the property FDT holding in 
a monoid, and the property holding in the subgroups of that monoid. Results of this 
type have been obtained for the properties of being finitely generated and presented (see 
[251] ). and for being residually finite (see [a]). Specifically, given a monoid S defined by a 
presentation Vs, given an associated homotopy base X, and given a subgroup G of S, we 
show how to obtain a homotopy base Y for a presentation Vg of G (this will be done in 
Section 3). Moreover, when the presentation Vs and the homotopy base X are both finite, 
and G has only finitely many cosets in S (where a coset of G is a set Gs, with s £ S, such 
that there exists s' £ S with Gss' = G) then the presentation Vg and homotopy base Y 
will both be finite. A subgroup G of a monoid S with finitely many cosets, in the above 
sense, is said to have finite translational index. This is equivalent to saying that G acts on 
the left of its 7£-class with finite quotient. This notion of index was first considered in [2f| 
where it was shown that the properties of being finitely generated and presented are both 
inherited by subgroups with finite translational index (see also [3] for a quick topological 
proof of this result, in the special case of inverse semigroups). Note that in [1H] the author 
uses the term index rather than translational index for the number of (right) cosets (in the 
above sense) of a subgroup of a monoid, but here we have opted for translational index 
to distinguish it from the various other notions of index for that have appeared in the 
literature; see [3], 26] and 0] for example. 



This gives our first main result. 

Theorem 1. Let S be a monoid and let G be a subgroup of S. If S has finite derivation 
type, and G has finite translational index in S, then G has finite derivation type. 

Theorem [T] proves one direction of our second main result. 

Theorem 2. Let S be a regular monoid with finitely many left and right ideals. Then S 
has finite derivation type if and only if every maximal subgroup of S has finite derivation 
type. 

Combining Theorem[2]with results of Cremanns and Otto 0], 0] we obtain the following. 

Corollary 1. Let S be a regular monoid with finitely many left and right ideals. If every 
maximal subgroup of S satisfies the homological finiteness condition FP3, then so does S. 

Proof In [| (see also ^ and 0) it was shown that if a monoid S has finite derivation 
type then it also satisfies the homological finiteness condition FP3. Moreover, in 0] it was 
shown that for groups having finite derivation type is equivalent to being of type FP3. 
Thus if every maximal subgroup of S is of type FP3 then they all have finite derivation 
type, which by Theorem [2] implies that S has finite derivation type, which in turn implies 
that S is of type FP 3 . □ 
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These results answer several open problems posed in [25, Open Problem 4.5]. It is still 
open whether the converse of Corollary Q] holds. 

The paper is structured as follows. In Section 2 we give the preliminaries required for 
the rest of the paper, in particular we define what it means for a monoid to have finite 
derivation type. Then in Section 3 we prove our first main result which gives a homotopy 
base for an arbitrary subgroup of a monoid, and we prove Theorem [TJ Finite derivation 
type for regular monoids and their maximal subgroups is the topic of Section 4, and this 
is the place where our second main result, Theorem [21 is proved. 

2. Preliminaries: homotopy relations and the homotopical finiteness 

property finite derivation type 

The background and results stated in Section 1 above have all been given in terms of 
monoids. In fact, all of the concepts that we intend to work with in the paper may be 
defined for semigroups and we shall find it convenient throughout to work in this slightly 
more general context. 

Presentations and rewriting systems. Let A be a non-empty set, that we call an al- 
phabet. We use A* to denote the free monoid over A, and A + to denote the free semigroup. 
For words u,v £ A* we write u = v to mean that u and v are identically equal as words. 
We write \w\ to denote the total number of letters in w, which we call the length of the 
word w. A rewriting system over A is a subset R C A + x A + . An element of R is called 
a rule, and we often write r+i = r_i for (r + i,r_i) £ R. For u,v G A + we write u — >r v 
if u = w\r + \W2, and v = w\r^\W2 where (r + i,r_i) G R and 101,103 £ A*. The reflexive 
symmetric transitive closure *r+* R of — >r is precisely the congruence on A + generated by 
R. The ordered pair (^4|i?) is called a semigroup presentation with generators A and set 
of defining relations R. If S is a semigroup that is isomorphic to A + / <-^* R we say that 
S is the semigroup defined by the presentation {A\R). A semigroup is said to be finitely 
presented if it may be defined by a presentation with finitely many generators and a finite 
number of defining relations. For a word w £ A + we use [iw]<-»jj to denote the ^->|j-class of 
w. So is the element of S = A + / that the word w represents. For any subset 

T of the semigroup S we use C(A,T) to denote the set of all words in A + representing 
elements of T, i.e. 

£{A,T) = {weA + : [w]^* R GT}. 

Derivation graphs, homotopy bases, and finite derivation type. Let V = (A\R) 
be a semigroup presentation. The derivation graph associated with V is an infinite graph 
r = T(V) = (V, E, l, t, _1 ) with vertex set V = A + , and edge set E consisting of the 
following collection of 4-tuples: 

{(wi,r,e,w 2 ) : wi,w 2 G A*,r = (r + i,r_i) G R, and e G {+1,-1}}. 

The functions t, r : E — > V associate with each edge E = (w\,r, e, W2) (with r = 
(r + i,r_i) G R) its initial and terminal vertices dE = ui\r e W2 and rE = w\r^ e W2, re- 
spectively. The mapping _1 : E — > E associates with each edge E = {w\, r, e, W2) an 
inverse edge E _1 = (u>i,r, — e,^)- 

A path is a sequence of edges P = Ei 0E20. . . oE„ where tEj = dEj + i for i = 1, . . . , n— 1. 
Here P is a path from tEi to rE n and we extend the mappings l and r to paths by 
defining dP = dEi and rP = rE ra . The inverse of a path P = Ei o E2 o . . . o E n is the path 
P _1 = E^ 1 o o . . . o Ej -1 , which is a path from rP to dP. A closed path is a path P 
satisfying dP = rP. For two paths P and Q with rP = lQ the composition P o Q is defined. 
To unclutter notation slightly we shall usually omit the symbol o when composing paths, 
writing simply PQ in place of P o Q. 

We denote the set of paths in F by -P(r), where for each vertex w G V we include a 
path l w with no edges, called the empty path at w. We call a path P positive if it is either 
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empty or it contains only edges of the form (wi, r, +1, w^)- We use P+(T) to denote the set 
of all positive paths in T. Dually we have the notion of negative path, and P-(T) denotes 
the set of all negative paths. The free monoid A* acts on both sides of the set of edges E 
of T by 

x ■ E • y = (xw%,r, e, W2y) 
where E = (w\, r, e, W2) and x,y E A*. This extends naturally to a two-sided action of A* 
on -P(r) where for a path P = Ei o E2 o . . . o E n we define 

x ■ P • y = (x ■ Ei • y) o {x ■ E2 • y) o . . . o [x ■ E n ■ y). 

If P and Q are paths such that tP = lQ and tP = r(Q> then we say that P and Q are 
parallel, and write P || Q. We use || C P(T) x P(T) to denote the set of all parallel paths. 

An equivalence relation ~ on P(T) is called a homotopy relation if it is contained in | 
and satisfies the following conditions: 
(HI) If Ei and E2 are edges of T, then 

(Ei • iE 2 )(rEi • E 2 ) ~ (tEi • E 2 )(Ei • rE 2 ). 
(H2) For any P, Q <E P(F) and x, y G A* 

P ~ Q implies x ■ P • y ~ x ■ Q • y. 
(H3) For any P, Q,1,§G P(T) with rP = tP = lQ and iS = tP = rQ 

P~Q implies 1P§~IQ§. 
(H4) If P e P(r) then PP" 1 ~ l tP , where l tP denotes the empty path at the vertex dP. 

It is a straightforward exercise to check that the collection of all homotopy relations is 
closed under arbitrary intersection, and that || itself is a homotopy relation. Therefore, 
for any subset C of || there is a unique smallest homotopy relation ^ c on P(T) containing 
C. We call this the homotopy relation generated by C. A subset C of || that generates || 
is called a homotopy base for V. 

Definition 1. We say that the presentation V = (^4|-R) has finite derivation type (written 
FDT for short) if there is a finite homotopy base for V = T(V). A finitely presented 
semigroup S has finite derivation type if some (and hence any by fiF\ . Theorem 4-3] and 
\r\ . Theorem 3]) finite presentation for S has finite derivation type. 

Clearly, a set B of parallel paths is a homotopy base if and only if the set {(P0Q -1 , l tP ) : 
(P, Q) £ B} is. Hence we say that a set C of closed paths is a homotopy base if {(P, l tP ) : 
P E C} is a homotopy base. So a homotopy base X for V = T(V) may be given either as 
a subset of ||, so that X is a set of parallel paths, or may be given as a set of closed paths. 
Both of these ways of expressing homotopy bases will be used in this article. In addition, 
sometimes we shall refer to X as a homotopy base of a presentation V (rather than of the 
graph r('P)) and also, when it is clear from context, as a homotopy base of the semigroup. 

The definition of FDT given above was first introduced for monoids by Squier in [27|] . 
An equivalent geometric definition of FDT, stated in terms of fundamental groups of 
2-complexes, may be found in [12]. Here, following [13], we have opten to work with semi- 
groups, semigroup presentations and the corresponding definition of FDT. If one chose 
instead to work with monoid presentations, then the definitions given above would all have 
to be modified by replacing every occurrence of A + by A* . Fortunately, when considering 
the properties of being finitely generated, presented or having FDT for monoids, it does 
not matter whether one chooses to work with semigroup presentations (and the corre- 
sponding definition of FDT) or with monoid presentations (and corresponding definition 
of FDT). Indeed, in [13, Theorem 4.3] it was shown that for monoids the property of hav- 
ing FDT is independent of the choice of finite presentation for the monoid. The semigroup 
presentation analogue of this result was given in [l7|, Theorem 3]. It is a very easy exercise 
to check that for a monoid, being finitely presented as a monoid is equivalent to being 
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finitely presented as a semigroup. The analogue of this result for FDT is stated below; 
the proof is standard and so is omitted, full details may be found in [3, Section 2.4]. 

Lemma 1. Let M be a finitely presented monoid. Let V be a finite semigroup presentation 
defining M , and let Q be a finite monoid presentation defining M . Then V has finite 
derivation type if and only if Q has finite derivation type. 

Therefore when considering FDT for monoids, it makes no difference whether we work 
with semigroup presentations or with monoid presentations. Throughout the paper we 
shall work only with semigroup presentations. 

3. A HOMOTOPY BASE FOR A SUBGROUP OF A SEMIGROUP 

In this section we present our first main result: Given a homotopy base for a semigroup 
we find a homotopy base for an arbitrary subgroup of that semigroup. When the semigroup 
has finite derivation type, and the subgroup has finite translational index, the obtained 
homotopy base for the subgroup will be finite, thus proving Theorem [TJ 

Let 5 be a semigroup and let G be a subgroup of S. As mentioned in the introduction, 
the right cosets of G are the elements of the strong orbit of G under the action of S on 
the set {Gs : s G S}. So, Gs is a coset if and only if there exists s' G S with Gss' = G. 
By taking s = s' = e where e is the identity of G, which is an idempotent of S, we see 
that G is a right coset of G. We call the number of right cosets the (right) translational 
index of G in S. We say that G has finite right translational index if G has finitely many 
right cosets. There is also an obvious dual notion of left coset, and left translational index. 
Throughout we shall work with right cosets, and by the translational index we shall always 
mean the right translational index. This definition of index for a subgroup of a semigroup 
was first considered in [1^]. These ideas have a natural interpretation in terms of Green's 
relations; see the end of this section for more details on this. 

Let S be defined by the semigroup presentation V = {A\R). The first thing that we 
need is a presentation for the group G. A method for finding such a presentation, given 
in terms of V and the action of S on the cosets of G, was the main result of [2a]. We now 
give details of that result, which will be stated as Theorem [31 before going on to consider 
the problem of homotopy bases. 

Let C = {Ci : i G /} be the collection of (right) cosets of G in S. Now S acts on the 
set C U Co in a natural way by right multiplication where CiS = Cq if and only if CiS G" C. 
This is the same as the action of S on the index set IU {0} given by CiS = Ci s . We extend 
this notation to A + writing iw G /U{0} to mean the element of /U{0} obtained by acting 
on i by the element of S that the word w G A + represents. 

By convention we let 1 G / and set C\ = G. For all i G / \ {1} let r^, r\ be fixed words 
in A + , representing the elements s Ti and s r / of S respectively, and chosen so that we have 
Gs Ti = Ci and gs Ti s r i = g for all g G G. (To show that such elements exist is an easy 
exercise; see 2a, Proposition 2.4].) For notational convenience we set r\ = r[ = 1 G A* 
and also define il = i for all i G I (where 1 denotes the empty word). Also let e G A + be 
a fixed word representing the identity of the group G. Next define a new alphabet 

B = {[i,a] : i G I, a G A,ia / 0}, 

and define a mapping 
inductively by 



{(i,w) :ieL,weA*,iw^0}^B* 



0(*,1) = 1, 

cf)(i,aw) = [i,a]4>(ia,w) (i G /, a G A, w G A*, iaw ^ 0). 
This easily extends to 

<p(i,wiW2) = 4>(i, wi)4>(iwi, u> 2 ) (i G I, u>i, w 2 G A*, iwiw 2 ^ 0). (1) 



6 



HOMOTOPY BASES FOR SUBGROUPS 



For w G A* such that lw 7^ 0, abusing notation slightly, we write (p(w) = 0(1, to) and we 
note that for any two words W3, W3 G C(A, G) we have 

0(1, 103^4) = 0(l,w 3 )0(lu> 3 ,io 4 ) = 0(1,^3)0(1,104) 

so that 

0(103104) = 0(103)0(^4) (for all 703,104 G C(A,G)). (2) 

Note that even though is defined for the pairs (i, 1) (i G /), and its image includes the 
empty word, we have 0(i, w) G B + if and only if to € A + . 
With this notation the main theorem of [25[] states: 

Theorem 3. \2a . Theorem 2.9] If S is defined by a presentation (A\R) then, with the 
above notation, the presentation with generators B and set of relations U: 

0(i, u) = 0(i, v) (i G /, (u = v) G R, iu ^ 0), 
[i, a] = (f)(eriar' ia ) (i G I, a G A, ia / 0) 

defines G as a semigroup. 

Note that when A, R and I are finite, Theorem [3] gives a finite presentation for G. 

Given a homotopy base X for a presentation V = {A\R) of 5 we shall now show how 
to obtain a homotopy base Y for the presentation Q = (B\U) of G given in Theorem [3l 
When A, i?, / and X are all finite, our homotopy base Y (along with B and Q) will be 
finite. 

The derivation graph T(V) has vertices A + while the graph T(Q) has vertices B + . So 
gives a mapping from the vertices of r('P) to the vertices of T(Q). Next we let ip be the 
homomorphism extending 

ip ■ B* — > A* , [i, a] 1— > eriar' ia . 

Note that in particular the empty word is mapped to the empty word under ip, which we 
write as ^(1) = 1- It follows from the definition that for u, v G B + , if n and v represent 
the same element of G then ip{u) and ip(v) represent that same element of S. Now by 
restricting to B + , ip gives a mapping from the vertices of T(Q) to the vertices of r(7-'). 
In order to define a homotopy base for (B\U) we shall carry out the following steps. 

(I) Extend and ip to mappings between paths of T(V) and paths of T(Q). 
(II) For each w G B + define a path A w in T(Q) from w to (p{ip{w)) G 

In fact, will actually be defined on certain pairs {i, P) where i£j and P is a path from 
T(V). Once these definitions have been made, we shall use them in Theorem |4] below to 
define a homotopy base for the presentation Q of G. 

Extending the definitions of d> and ip to mappings between paths. Now we shall 
extend to a mapping, also denoted 0, with 

: {(f,P) : i G I, P G P(T(V)), i(iF) + 0} - P(T(G)) 

where for an edge E = (101, r, e, 102) in r("P) such that i(iE) / Owe define 

0(i,E) = (0(z,toi),0(uoi,r + i) = 0(uoi,r_i),e,0(uoir + i,to 2 )) 

which is an edge of T(Q), and then for a path P = E1E2 . . . E& in T(V) we define 

0(i,P) = 0(i,E!)0(i,E 2 )...0(i,E fc ). 

Also, for any word w G A + and i G / such that iw ^ we define 0(i, 1^) = l^Uu,). From 
the definition, and using JT|, it is easy to see that t0(i,P) = cp(i, iF), r0(z,P) = 0(z, tP) 
and 0(i,P) _1 = 0(i,P~ 1 ). As above we write 0(P) as shorthand for 0(1, P), for any paths 
P such that l(iP) ^ 0. 

Immediately from this definition, combining with ([1]) we obtain the identity 

<p{i,w\ ■ P • W2) = (p{i,w\) ■ 0(nui,P) • 0(itoiiP, ^2) (3) 
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for any path P of T(V) and w\, W2 G A* , i G / with iw±LPw2 ^ 0. 
Next we extend ip : B* — > A* to a mapping, also denoted ^, where 

V> : P(T(Q)) -> P(T(7>)). 

To do this, firstly for any word 10 G F> + we define tp(l w ) = 1m w )- Next, for each u £ U 
let E M = (l,u, +1,1), which is an edge in T(Q). Then for every u E U let ip(E u ) be a 
fixed path in T(V) from ip(u + i) to ip(u-i). Such a path exists since V>( n +i) and V>( n -i) 
represent the same element of S. Then for an arbitrary edge E = (w\,u, e, W2) of T(Q) we 
define 

V>(E) = VK) • ^(E«) £ • ^2) 
which is a path from i{j(lE) to ip(rE,) since by definition ?/> : B* — > j4* is a homomorphism. 
Then for any path P = E1E2 . . . E& in T(Q) we define 

^(P) = V(Ei)V(E 2 ) . . .^(E fc ). 

Definition of the paths A w . For each ui G -B + we shall define a path in T(Q) from 
u> G -B + to <p{ip{w)). We define by induction on the length of the word w. If \w\ = 1 
then we have w = [i, a] for some i G /, a G A such that ia 7^ 0, and we set 

A w = (1, [i, a] = 4>(eriar' ia ), +1, 1) 

which is an edge of T(Q). If \w\ > 1 then write w = bw' where 6 G B and w' G P + , say 
6 = [i,a] G .B. Then we define inductively 

A w = (A& • w')((j)(eriar' ia ) ■ A w <). 

Lemma 2. For aZZ u; G B + , A w is a path in T(Q) with initial vertex w and terminal 
vertex <p(ip(w)). 

Proof. The result holds trivially for words of length 1. Now let w G B + with \w\ > 2 and 
assume inductively that the result holds for all words of strictly smaller length than w. 
Write w = bw' where b = [i,a] G B. By definition 

A w = (A 6 • w')((p(eriar' ia ) ■ A w ,) = (A b ■ w')(<p(rp(b)) ■ A w .). 

By induction A' w is a path in T(Q) from w' to <j)(ip(w')). Now Aft • w' has initial vertex 
bw' and terminal vertex cp(ip(b))w' , while (p(ip(b)) ■ A w i has initial vertex cp(ip(b))w' and 
terminal vertex (p(ip(b))(p(ip(w')). Since ip(b) and ip(w') both belong to C(A,G) it follows 
from ([2]) and the fact ip is a homomorphism that 

<K1>(b))<Kil>{u/)) = <p(ip(b)ip( w ')) = <^H), 

so A^ is a path from 6u/ = it; to (p(tp(w)). □ 

We are now in a position to define the homotopy base for G. 

Theorem 4. Let X be a homotopy base for a presentation (A\R) defining a semigroup S, 
where X is a set of closed paths. Then, with the above notation, the set of closed paths 
K U W is a homotopy base for the presentation (B\U) of the group G where 

K={^(j,F):FeX, jel, j(tP)#0} 

and 

W = { E r A r _ 1 0(^(E r ))- 1 A r - + 1 1 :r€U, i G I}, 
with E r = (l,r, +1, 1). 

Note that once proved, this result has Theorem [Tj as a corollary, since if X, A, R and / 
are all finite then B, U and K U W will be finite. 

Proving Theorem |4j The rest of this section will be devoted to proving Theorem [U 
We begin by writing an infinite homotopy base Z for T(Q) and then show that K UW 
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generates all the closed paths of Z and hence is itself a homotopy base. Let Z denote the 
following infinite set of closed paths of the graph T(Q) 

E A rE ((^(E)))- 1 A" 1 , for E in r(Q) (4) 

<£(pEi,E 2 ]), for Ei,E 2 in T(V) such that iEiiE 2 G C(A,G), (5) 

where [Ei,E 2 ] is the path (Ei • tE 2 )(rEi • E 2 )(Ei • TE 2 ) _1 (fcEi • E 2 ) _1 

• P • 103), for P G X and 101,102 G A* such that w 1 (iF)w 2 G £(i,G), (6) 

Lemma 3. TTie set Z is a homotopy base for T(Q). 

Proof. This actually follows from a more general result proved in [l9j]. Since in this case 
it is not difficult, and for the sake of completeness, we offer a sketch of the proof here. For 
full details we refer the reader to [l9( |. 

Let C be an arbitrary closed path in T(Q). We must prove that C ~z \ L c- 
Let D = ip{C), noting that D is a closed path in T(V) and that each vertex of D belongs 
to £(A, G). First we consider the closed path 4>(tp(C)) = 4>(D) in T(Q). Since X is a 
homotopy base for the presentation V it follows that in T(V) we have D ~x 1 L £>. This 
means (see (13 . Lemma 2.1]) that there is a finite sequence of applications of (H1)-(H4) 
that can be used to transform D into \ l b- Using ([5]) each application of (HI) can be turned 
into a corresponding application in T(Q), and using ([6]) and the fact that the vertices 
of D belong to C(A,G), each application of (H2) can be turned into a corresponding 
application in T(Q). The relations (H3) may be dealt with since by definition <j>(P QB) = 
0(P)0(Q)0(R), and the relations (H4) are handled using ^(P" 1 ) = 0(P) _1 . We conclude 
that (f>(ip(C)) = 4>{D) is a closed path in T(Q) with 4>(D) ~^ 

Now we return our attention to the original closed path C. Using the paths (|1J), applied 
to each edge of the closed path C in turn, we see that C ~ z Kc 4>{^{C)) h-~c where 
lC = tC since C is a closed path. We now have 

C ~ z A lC <^(C)) A^ ~z A tC l^(O) A rc = A ^cKc ~ !*c? 
as required. □ 
It follows that to prove Theorem U] it is sufficient to show the following. 

Lemma 4. The homotopy relation generated by K UW contains Z, and hence K U W is 
a homotopy base for T(Q). 

The proof of Lemma 2] will follow from the lemmas below. We consider each of the sets 
of closed paths ([4"]), and © in turn. 

Generating the paths ©. 

Lemma 5. LetE\ ane?E 2 be edges from T(V) where tEitE 2 G G). T/ien 0([Ei, E 2 ]) ~ 
1„ in r(Q), where v denotes the vertex t</>([Ei,E 2 ]) of the graph T(Q). 

Proof. First observe that by definition </>(1tEi,E 2 ) is a path from 0(lrEi, dE 2 ) to 0(lrEi, tE 2 ), 
and we have the equality </>(UEi, dE 2 ) = <^>(1tEi,iE 2 ) since iEi and rEi both represent 
the same element of 5". Also the paths (/>(1tEi,E 2 ) and 0(liEi,E 2 ) are identically equal, 
since IrEi = ltEi G /. Now we have 

0(Ei • tE 2 )0(rEi • E 2 ) 

= (0(Ei) • <^(liEi, tE 2 ))(0(rEi) • 0(lrEi, E 2 )) (by©) 

~ (0(tEi) • 0(lrEi,E 2 ))(0(Ei) • 0(lrEi,rE 2 )) (applying (HI) 

= (0(tEi) • 0(liEi,E 2 ))(0(Ei) • 0(UEi,tE 2 )) (since IrEi = ltEi) 

= <f>(iE! ■ E 2 )0(Ei • rE 2 ) (by©). 

Along with the definition of on paths and the fact that (/>(E) -1 = (/>(E -1 ) this completes 
the proof of the lemma. □ 
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Generating the paths ([6]). 

Lemma 6. For any ¥ £ X, and w\,w 2 £ A* such that wi(l¥)w2 £ C(A,G) we have 
<fi(wi • P • w 2 ) ~k If? where v denotes the vertex L<j){w\ ■ ¥ ■ w 2 ) of the graph T(Q). 

Proof. Since 0(lu>i,P) £ K, using we obtain 

<t>( Wl ■ P • w 2 ) = 0(1, wi) .^(ltui,?) ■<f>(lw 1 iP,w 2 ) ~jf Lj. 

□ 

Generating the paths For this family of paths we must first prove two straightfor- 
ward lemmas. 

Lemma 7. For any edgeE = (wi, r, e, u>2) o/T(Q) ; withK r = (l,r, +1,1) we /iaue 

<KV(E)) = <X</>K)) • <X^(E r ) , • MM). 

Proof. It follows from the definition of "0(E) and ([3]) that 

0(^(1)) = <XV>K) • ^(Er) £ ' ^(^2)) 

= 0(1, VM) • 0(i^(^i),V(E r ) e ) • 0(iV(wi)#(Er) e , V-M) 

= 0(^(^)) • 0(^(E r ) e ) • ^M), 
since ip(wi), il){wi)Lil)(E r y £ £(vl, G) implies that lip(wi) = l^(tfi)tV(E r ) e = 1. □ 
Lemma 8. For all wx,w 2 ,W3 £ B + we have 
(i) A WlW2 — (A^ • W2){4>{^{wi)) ■ A W2 ) 

(a) a WiW2W3 = (A m ■ W2W 3 )((fi('4l(w 1 )) ■ A W2 ■ w 3 )(<p(ip(w 1 ))cj)(ip(w2)) ■ A W3 ). 

Proof. Part (i) follows straight from the definition of A w , and part (ii) is proved by applying 
part (i) twice. □ 

Now we can finish the proof. 

Lemma 9. For any edge E ofT(Q) we have 

A tE 0(V(E)) -h/EA.e. 

Proof. Let E = (wi, r, e,w 2 ) be an arbitrary edge of T(Q). First suppose that w\ and w 2 
are both non-empty. Then we have 

A tE 0(^(E)) = (A W1 • r e w 2 )((f)(ip('w 1 )) ■ A rc • i^OK^M)^^)) ■ A w , 2 ) 

4>{iP{ Wl )) • <K^(E r ) e ) • <KVM) 

(by Lemmas [7] and [8]) 

(A W1 ■ r e w 2 )((f)(ip(wi)) ■ A re • W2){4>{'<p{wi)) ■ (j)(ip(E r ) e ) ■ w 2 ) 

(applying (HI)) 

~w (A m ■ r e W2){4){ip{wi)) ■ W r ■ W2){4>{ip{wi)) ■ A r _ E • w 2 ) 

0(^(«>i))0(^(r_ e )) • A W2 

(since A r ^(E r )) e ~ w E e r A r _J 

~ (wi ■ E e r ■ w 2 )(A m ■ r^ e w 2 )((p(Tp(w 1 )) • A r _ £ • w 2 ) 

0W>K))0W>(r_ e )) • A W2 

(applying (HI)) 

= EA t e (by Lemma [8] and the definition of E) . 
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If W\ is empty, then this sequence of deductions holds if we replace every expression of 
the form A W1 ■ u (u £ B + ) by the empty path l u at u. Similarly, if u>2 is empty then the 
deductions above are valid if we replace each occurrence of u ■ A. W2 (u € B + ) by l u . □ 

This completes the proof of Lemma 0] and hence also of Theorem [U Moreover, since 
when all of X, A, R and I are finite it implies that all of B, U, and K U W are finite, we 
obtain our first main result, Theorem [IJ as a corollary. 

Corollary 2. Let S be a semigroup and let G be a subgroup of S. If S has finite derivation 
type, and G has finite translational index in S, then G has finite derivation type. 

3.1. Cosets and Green's relations. The notion of coset being used in this article is 
best thought of when viewed from the point of view of Green's relations on the semigroup. 
Green's relations are the equivalence relations 1Z, T>, 7i and J defined on a semigroup 
S by 

xlZy xS 1 = yS , xCy 4=> S 1 x = S 1 !/, xjy 44> S l xS l = S l yS l 
V = TZo C = Ko C, H = 1lnC. 

Here S 1 denotes the semigroup S with an identity element 1 adjoined. Since their in- 
troduction in [a], Green's relations have played a fundamental role in the development of 
the structure theory of semigroups. For more background on Green's relations and their 
importance in semigroup theory we refer the reader to [10]. In particular, the maximal 
subgroups of a semigroup S are precisely the ^-classes of S that contain idempotents. 
Hence Theorem [1] has the following corollary relating the property of FDT in a semigroup 
with the property in its maximal subgroups. 

Corollary 3. Let S be a semigroup and let H be a maximal subgroup of S. If S has finite 
derivation type, and the TZ-class of H contains only finitely many TL-classes, then H has 
finite derivation type. 

Proof. The subgroup H has finite translational index since its right cosets are precisely 
the W-classes of S contained in the 7£-class of H. □ 

4. Regular semigroups and finite derivation type 

In this section we turn our attention to regular semigroups. For a full account of regular 
semigroups and the other standard semigroup theoretic concepts mentioned in this section, 
such as completely 0-simple semigroups, we refer the reader to [loj ]. 

A semigroup S is regular if for all x £ S there exists y € S such that xyx = x. This is 
equivalent to saying that every 7£-class and every £-class of S contains an idempotent, and 
hence contains a maximal subgroup. In this sense we may think of a regular semigroup 
as having "lots" of maximal subgroups and as a consequence it is often the case that the 
behaviour of such semigroups is closely linked to the behaviour of their maximal subgroups. 
Examples of this kind of result include [25| where finite generation and presentability are 
considered, and [6] which is concerned with residual finiteness. Here we consider the 
property FDT, and the relationship between FDT holding in a regular semigroup, and 
FDT holding in the maximal subgroups of the semigroup. 

As a special case of Corollary [3] we see that if a regular semigroup S has finitely many 
left and right ideals (which is equivalent to having finitely many 7Z- and £-classes) then 
FDT holding in S implies FDT holding in all of the maximal subgroups of S. The main 
aim of this section is to prove that the converse of this result is also true. We shall prove 
the following. 

Theorem 5. Let S be a regular semigroup with finitely many left and right ideals. If every 
maximal subgroup of S has FDT then S has FDT. 
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Along with Corollary [2] this proves the second main result, Theorem [21 of our paper. 

Our approach to the proof of Theorem [5] requires us to introduce a little more theory. 
A semigroup is said to be completely (0-) simple if it is (O-)simple and has (O-)minimal left 
and right ideals. Recall that a completely 0-simple semigroup S is isomorphic to a O-Rees 
matrix semigroup M°[G, I, A, P], where G is a group isomorphic to any (and hence all) 
maximal subgroups of S, I is a set indexed by the set of all 0-minimal right ideals of S, A 
is a set indexed by the set of all 0-minimal left ideals of S, and P = (p\i) is a regular Ax I 
matrix with entries from G U {0}. Multiplication in M°[G, I, A, P] = (I x G x A) U {0} is 
given by 



There is an analogous construction for completely simple semigroups, given by taking Rees 
matrix semigroups M[G, I, A, P] = I x G x A over groups, where P is a matrix with entries 
from G, and multiplication is given by (i, g, X)(j, h, fj) = (i, gp\jh, //). 

Given semigroups S, T and U, we say that S is an ideal extension of T by U if T is 
isomorphic to an ideal of S and the Rees quotient S/T is isomorphic to U. 

In order to prove Theorem [5] it will be sufficient to establish the following. 

Theorem 6. Let S be an ideal extension of T by a completely 0-simple semigroup U = 
M°[G;I,A;P] with I and A both finite. IfT has FDT and G has FDT then S has FDT. 

Before embarking on a proof of of Theorem [6l we now show how Theorem [5] may be 
deduced from it. 

Proof of Theorem [3 We begin with an easy observation. Let N be a finitely presented 
semigroup, and let iV denote N with a zero element adjoined. We claim that if N° 
has FDT then iV has FDT. Indeed, let V\ = (A\R) be a finite presentation for N. Then 
Vo = {A, 0\R, aO = 0a = 00 = (a £ A)) is a finite presentation for N°. If A is a finite 
homotopy base for V then the subset X' C X defined by X' = {¥ G X : lF G A + } is 
clearly a finite homotopy base for the presentation V\ of N. (This is really just a special 
case of the semigroup presentation analogue of the result proved in [13] stating that FDT 
is inherited by submonoids with ideal complement.) 

Now we use Theorem [6] to prove Theorem From the assumption that S has finitely 
many left and right ideals it follows (see for example [3|, Chapter 6]) that in S we have 
J = T>. The proof of Theorem [6] now goes by induction on the number of {J = D)-classes 
of S. When S has just one jT-class it follows, since S has finitely many 1Z- and /^-classes, 
that S is isomorphic to a completely simple semigroup M[G; I , A, P] with / and A finite, 
and where G has FDT by assumption. By Theorem [6] this implies that S° has FDT, 
since it is an ideal extension of the trivial semigroup T = {0} by the completely 0-simple 
semigroup S° where G has FDT. Now by the observation given in the previous paragraph, 
since S° has FDT it follows that S has FDT. 

Now suppose that S has at least two ./-classes. Let Jm be a maximal ^7-class (in the 
natural ordering of /"-classes J x <j J y 44> S 1 xS 1 C S 1 yS 1 ). Then T = S \ Jm is an ideal 
of S where T is regular and, since T is a union of {J = P)-classes of S each of which is 
regular and contains only finitely many 1Z- and £-classes, it follows that T has strictly 
fewer ( J = P)-classes than S. So T is a regular semigroup with finitely many left and 
right ideals, and every maximal subgroup of T is a maximal subgroup of S and thus has 
FDT by assumption. Hence by induction T has FDT. But now S is an ideal extension of 
T by the Rees quotient S/T = M°[G; I, A; P] where / and A are finite (since S has finitely 
many left and right ideals), and G has FDT. Applying Theorem [6] we conclude that S has 




0(i,g,X) = ( 



i,g,\)0 = 00 = 0. 



FDT. 



□ 



The rest of this section will be devoted to the proof of Theorem [6j 
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Proof of Theorem [6l Let S be an ideal extension of a semigroup T by the completely 
0-simple semigroup U = M°[G;I, A;P]. So the semigroup S decomposes as the disjoint 
union S = TU(IxGxA). Without loss of generality we may suppose that 1 G I, 1 G A 
and that pn ^ so that {1} xGx {1} is a group Ti-class. Let "Pt = {Z\Q) be a semigroup 
presentation for T, and let 7-^ = (A\R) be a semigroup presentation for the group G. Our 
first task is to write down a presentation for S with respect to which we shall define our 
homotopy base. We obtain a presentation for S by applying the results 111, Theorem 6.2] 
and (2BI . Proposition 4.4] in the following way. 

We start by fixing some notation. Let e G A + is a fixed word representing the identity 
element of G. Let B = {bi : i G / \ {1}} and C = {c x : A G A \ {1}}. Ultimately in the 
presentation for S we give below, iUBUC will be a subset of the generators, where bi 
represents the element (i, 1,1), c x represents the element (1,1, A), and a € A represents 
the element (l,g a ,l) where g a G G is the element of G = (A\R) represented by a G A. 
Given this, for every word u G (^4 U B U C) + representing the zero of U = M°[G; I, A; P] 
fix a word p(u) G Z + such that the relation u = p{u) holds in S. Similarly for every pair 
of letters leiUBUC and z G Z fix words <t(z, x), t(x, z) G Z + such that the relations 
zx = a(z, x) and xz = r(x, z) hold in S. 

Now, from [111 . Theorem 6.2] we can use the presentation (A\R) and the matrix P to 



111 . Theorem 6.2] this is given as a 



obtain a presentation for U = M° [G; I, A; P] . In 
presentation of a semigroup with zero which we must convert into a genuine semigroup 
presentation by adding a generator and relations Ox = xO = 00 = for all other 
generators. As well as this, we also add the following additional (redundant) relations: 

abi = apn (a G A, i G I), c\a = p\ia (a G A, AG A), 
cac m = pxic^ (/i, A G A), bibj = bipij G I). 

where the symbols p\i appearing in the relations are really fixed words from A + rep- 
resenting the elements p\i of G. These relations are all easily seen to be consequences 
of the relations appearing in the presentation of [HI, Theorem 6.2] and hence the re- 
sulting presentation also defines U = M°[G;I,A;P]. Then taking this presentation for 
U = M°[G; I, A;P] together with the presentation (Z\Q) of T, and applying [H, Propo- 
sition 4.4] we obtain the presentation for S given below. 



V s = 


(A, B, C, Z | R, Q, 




(4.1) 






he = h, ec\ = c A , 




(4.2) } R e 


zx 


= o{z, x), xz = t(x, z) 


(x G A U B U C, z G Z) 


(4.3) } R 




eh = pu, abi = apu 


(a G A,i G I : pu / 0) 


(4.4) 






c\e = pxi, c x a = pxia 


(a G A, A G A : p X \ / 0) 


(4.5) 






c\k = pxi 


(t G /, A G A : p Xi + 0) 


(4.6) 


>Ru 




C\C^ = PxiCf, 


(p, A G A : pxi + 0) 


(4.7) 






kbj = hpij 


G I : pij / 0) 


(4.8) 




eb 


i = p(ebi), abi = piflbi) 


(0 G A,i G I :pu = 0) 


(4.9) ~ 




c x e 


= p(c\e), c x a = p(c x a) 


(a G A, A G A : p xi = 0) 


(4.10) 






c x bi = p(c x bi) 


(i G /, A G A : p Xi = 0) 


(4.11) 


> R T 




c\c^ = p(p\ic^) 


(p, A G A : p xl = 0) 


(4.12) 






bibj = p{biPij) 


G / : pij = 0) } 


(4.13) 





We group the relations of this presentation together into the following sets 

R e = (4.2), i? = (4.3) 



so that 



Ru = (4.4) U (4.5) U (4.6) U (4.7) U (4.8) 
R T = (4.9) U (4.10) U (4.11) U (4.12) U (4.13), 

V s = ( A, B, C, Z I R, R e , R , R v , R T , Q). 
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Let = T(V G ), Tt = T(Vt) an d = F(Vs)- In the natural way we view Tq and Tx 
as subgraphs of Ts- Let T be the subgraph of T$ with the same vertex set, but which 
only contains those edges (wi, r, e, W2) with r£i? U Rjj U Rt- Recall that we use P+(T) 
to denote the set of all positive paths in V (i.e. those paths that are either empty or have 
the property that e = +1 for every edge of the path). Let Tjj (respectively To) denote the 
subgraph of Ts with the same vertex set as Ts, but which contains only those edges of 
the form (w\, r, e, W2) where r G Ru (respectively r G Rq). 

Before we begin the process of constructing a homotopy base for S, we must prove some 
lemmas about the presentation Vs- We write B 1 A*C 1 to denote the set of all non-empty 
words from the set 

{bwc : b G B U {1}, c G C U {1} & w G A*}. 

Likewise we use the notation B 1 A* and A*C . We shall refer to the set of words B 1 A*C 1 U 
Z + as the set of quasi-normal forms for the presentation Vs ■ 

Lemma 10. 

(i) The word biWC\ with i G / \ {1}, A G A \ {1} and w G A* represents the element 
(i,g,X) of S, where g G G is the element represented by w if w G A + , or g = 1 if w 
is the empty word. 

(ii) The word b{W with i G and w G A* represents the element (i,g, 1) of S, where 
g G G is the element represented by w if w G A + , or g = 1 if w is the empty word. 

(Hi) The word wc\ with A G A \ {1} and w G A* represents the element (l,g,X) of S, 
where g G G is the element represented by w if w G A + , or g = 1 if w is the empty 
word. 

(iv) The word w G A + represents the element (l,g, 1) where g G G is the element repre- 
sented by the word w. 

Proof. This follows from the construction of the presentation Vs, together with the proof 



of [111 . Theorem 6.2]. □ 



Given b G B 1 and c G C 1 we write b ■ P(Fq) ■ c to denote the set of all paths b ■ P • c where 
P G P(r G ), and we write B 1 ■ P(T G ) ■ C 1 = \JbeB\ceC^ b ' p ( r G) • c Since the vertices of 
the graph T G are the (non-empty) words A + it follows that the set of vertices appearing 
in paths from B l ■ P(Tq) ■ C 1 is B l A + C l . So there are words in B 1 A*C 1 that are not 
vertices of paths in B 1 ■ P(Tq) ■ C 1 , namely the words BUCU BC. We shall often be 
interested in paths with vertices from B 1 A*C 1 and edges of the form (w%, r, e, Wq) where 
r G R U R e . So, given b G B 1 and c G C 1 we write b ■ P(Tq) ■ c to denote the set of 
all paths whose vertices all belong to bA*c U {be} (where {be} = {b} when c = 1, and 
{be} = {c} when 6=1) and whose edges are all either empty or of the form (w±,r, e, W2) 
where r G RL)R e . Clearly b ■ P(T G ) ■ c C b ■ P(T G ) ■ c for all b G B 1 , c G C 1 . We also write 
B 1 ■ P(T G ) ■ C 1 = U&eB 1 cgC 1 ^ ' P(Tg) ■ c noting that the set of vertices arising in paths 
of B 1 ■ P{T G ) ■ C 1 is B 1 A*C 1 . 

The next lemma shows how using only positive relations from the set Rq U Rjj U Rt we 
can transform an arbitrary word into a word in quasi-normal form. 

Lemma 11. Let w£(iU5UCU Z) + be arbitrary. 

(i) If w represents an element of S\T then there is a path P G -P+(r) from w to some 
w' G B 1 A*C 1 . 

(ii) If w represents an element of T then there is a path P G -P+(r) from w to some 
w' G Z + . Moreover, if w contains a letter from Z then P may be chosen with 
Pe^+(r ). 

Proof. We prove (i) and (ii) simultaneously. The proof is by induction on the total number 
M-Buc* of letters in the word that come from the set B U C. If |u>|buc = then either w 



1-1 
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contains a letter from Z, in which case there is an obvious path in P + (Tq) from w to a 
word w' E Z + , or w E A + , so w represents an element of G and is already written in the 
required form, and we are done by setting w' = w and P to be the empty path. 

Now suppose that |u>|buc > 0. If w E B 1 A*C 1 L)Z + then we are done by setting w' = w, 
P to be the empty path, and using the fact that the words in B 1 A*C 1 all represent elements 
of S\T. Now suppose that w E" B 1 A*C 1 U Z + . Then by inspection of the relations in the 
presentation Vs it follows there exists a positive edge E E -P+(T) with tM = w. Now the 
result follows by induction since by considering the relations Ro U Rjj U Rt we see that 
with v = rE we have Hbuc* < M^uC- 

The last part of (ii) is an obvious consequence of the definition of To- □ 

The following technical lemma gives some information about what happens if we try 
to rewrite a word into quasi- normal form by first splitting the word into three parts, and 
then rewriting each of the parts in turn. 

Lemma 12. Let wi,w 3 E B 1 A*C 1 U {1} and let w 2 E (A U B U C U Z) + be arbitrary. 
Write w\ = w[a and W3 = (3w' 3 where a, [3 E AU B U C U {1}, and where a (resp. (3) 
is empty only if w\ (resp. W3) is empty. If aw 2 (3 represents an element in S\T and 
u = aw2(3 holds in S with u E B 1 A*C 1 , then 

wiuw's E B 1 A*C 1 . 

In particular, W1W2W3 = w[uw 3 represents an element of S\T. 

Proof. There are several cases to consider. 

Case 1. w[ and w' 3 are both empty. 

In this case w'iuw 3 = u E B 1 A*C 1 by assumption. 

Case 2. Neither nor w' 3 is empty. 

In this case it follows that a E C U A and j3 E B U A, since u>i,u>3 E B 1 A*C 1 where 
w\ = w[a and w% = (3w' 3 . Now consider the element of the semigroup S represented 
by the word aw 2 (3. By assumption aw 2 P represents an element in S \ T. Moreover 
since a E C U A it follows from Lemma [TO] that the element that a represents is a triple 
(i,g, A) E / x G x A with i = 1. Similarly the letter (3 represents a triple (i,g, A) with 
A = 1. Therefore, since by assumption aw 2 (3 represents an element of S \ T it follows 
from the definition of multiplication in a 0-Rees matrix semigroup that it represents a 
triple of the form (l,g, 1) for some g E G. So by Lemma [TO] since u E B 1 A*C 1 and u also 
represents the element (l,g, 1) we conclude that in fact u E A + . In conclusion we have 
w[ E B 1 A*, u E A + and w' 3 E A*C 1 , and hence w'-±uw 3 E B 1 A*C 1 , as required. 

Case 3. w[ is non-empty and w' 3 is empty (and the dual of this case). 

We argue in a similar way to the previous case. Since w[ is non-empty we have a E AuC, 
and since w' 3 is empty it follows that \ws\ < 1. Now consider the word ctW2(3. Since 
a E A U C it follows that a represents an element of the form (l,g, A) and hence, by 
the definition of multiplication in a 0-Rees matrix semigroup, since aw 2 (3 represents an 
element of S \ T, it must represent an element (1, h, fj,) for some h E G, /i E A. Therefore 
since u E B 1 A*C 1 with u = aw 2 (3 in S, it follows from Lemma [TO] that u E A*C 1 . Since 
w[ being non-empty implies that a is non-empty we see that w[ E B 1 A*. Now since w 3 
is empty we have w^uw^ = w[u E B 1 A*C 1 as required. 

The fact that W1W2W3 represents an element of S \ T follows from Lemma [TO] □ 

A homotopy base for "Ps. Now we begin the process of building a homotopy base 
for Vs- Given a homotopy base Xq for the presentation Vq = (A\R), and a homotopy 
base Xt for the presentation Vt = {Z\Q), we shall construct a homotopy base X = 
IiUlJUl 2 Ul3Ul e Ul G U X T for the presentation V s where X u X[, X 2 , X 3 and 
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X e are defined below. The proof that X is a homotopy base will be given in Lemma [20j 
In particular, when Xq and Xt are finite, the presentations Vq and Vt are finite, and 
the sets I and A are finite, then P$ is a finite presentation, and it will follow from the 
definitions that X is a finite homotopy base for the finite presentation Pg, and that will 
complete the proof of Theorem [6J 

We shall build a homotopy base X for Vs in stages. Our approach is inspired, in part, 



by methods used by Wang in [29|] 



The parallel paths Xi and X^. For every pair /3i,/?2 £ Z + such that (3\ = 02 in T, let 
Paaj be a fixed path in Ty from /?i to /?2, where these paths are chosen in such a way 
that F/3 2 ,/3i = Pfl fl 2 j for all /3i,/?2 £ Let Xi be the set of parallel paths of of the 
form: 

( = r,+l,l),(l,xz = t(x,z),+1,1') 

{^T(x,z)i>,T(x,z>y){l,xz' = r(x,z'),-l,r') ) 

where x G j4 U B U C, (/, r) £ Q, and / = zl' , r = z'r' where z, z' G Z. Let X[ be the set 
of parallel paths of T$ of the form: 

( (1, 1 = r, +1, x), (/', zx = a(z, x), +1, 1) 

(^l'a(z,x),r'a(z',x))(r f , z' X = (j(z' , x), -1, 1) ) 

where i 6 iUBUC, (/, r) G Q, and / = /'z, r = r'z' where z, z' G Z. Note that Xi and 
X[ are both finite when Q, A, B, and C are all finite. 

Lemma 13. Let ¥ be a non-empty path in Ft and let u,v E (A U B U C U Z)* suc/i 

is non-empty. Then there exist paths Qi,Q>2 & P+O^o), words u',v' G (AUBUCUZ)*, 
and a path ¥' in Tt such that 

and with \u'v'\ < \uv\. 

Proof. Let P = Ei o E 2 o . . . o E n be a non-empty path in T T and let u, v G (A U B U C U Z)* 
such that uv is non-empty. Suppose that u is non-empty. The case that v is non-empty 
is dealt with using a dual argument and the set of parallel paths X[ . Decompose u = u'x 
where x £ AU B U C L) Z and u' is a, possibly empty, word over the same alphabet. 

If x G Z then the path (x ■ P) also belongs to Tt and the result follows by setting Qi, Q2 
to be empty, P' := (x ■ P), u' = u' and v' = v. 

Now suppose x Z. Let z\ be the first letter of tEj for i = 1, 2 . . . , n, and let z n+ i be 
the first letter of rE ra , noting that each Zi belongs to Z. For each i = 1, . . . , n + 1 define 

Fj = = T(x,Zi),+l,Wi) 

where the Wi are obtained by the identities /JEj = ZiWi (for z = l,...,n) and rE n = 
z n +iw n +i. Note that we can have xzi ^ xz^+i in S 1 for some (or even all) values of i. 

Now for each i G {1, . . . , n} we shall define a path §j of T^. For each i G {1, . . . , n} 
let Ej = (7j,/j = ri,€i,5i). The definition of Sj varies depending on whether or not 7^ is 
empty. 

Suppose first that ji is non-empty, so that ji = zci\ and z; L+ \ = Z{ which implies 
t(x, Zi) = t(x, Zi + \). In this case we define 

Si = (t(x, Zi)^, k = n, ei, 5i) 
which is an edge of Tt- Applying (HI) we observe that 

(u ■ Ei ■ v)¥ i+1 ~ ¥i(uT(x, Zi)jl, k = ri, ei, 5iv). 
Rearranging this expression gives 

u-Ei-v ~¥i{u' -Si-v)¥^ v 
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On the other hand, if 7$ is empty, so that Zj = z i V i and r\ = Zi+ir^, we define 

which is a path in IV. By the definition of X\ we have 

u-Ei-v = (u'xji,li = ri,€i,5iv) 

= u' ■ (x,li = ri,€i,l) ■ 5iV 
~Xi u' ■ (l,xzi = r(x,Zi),+l,ll) ■ SiV 

U' ■ (l,XZ i+1 = T(x,Z i+1 ), -1,7*9 " ^ 

Combining these observations completes the proof of the lemma since 

u ■ P • v ~ (u ■ Ei • v) (u ■ E 2 • v) . . . (u ■ E„ • v) 

~ Xl Fi(u' • Si • v)¥ 2 1 ¥ 2 (u f • S 2 • ^)F 3 1 F 3 1 . . . Y^FJu' ■ S n • v)¥~l 1 
~ F 1 («'-SiS 2 ...S n -v)l^L 1 
= Qi(n'-P'V)Q 2 

where Qi = Fi, Q 2 = F"^, «' = v and P' = Si§ 2 . • • S n is a path in T T . □ 

Corollary 4. Ze£ P 6e a path in Tt and let u,v G (A U B U C U Z)*. Tnen i/iere exisi 
pai/is Pi and P 2 in P+(ro) and a pa£/i Q in P(IY) such that 

u-W-v~ XlUX , PiQP^ 1 . 

Proof. If P is empty then the result holds trivially by applying Lemma [TTT ii) . Otherwise 
the result follows by repeated application of Lemma [I3j □ 

The parallel paths X 2 . For every edge E in T$ by Lemmas 1111 and 1101 we can fix paths 
P tE , P rE in P+(r) and Q E such that 



B 1 ■ P(Tq) ■ C 1 if lE represents an element of S \ T 
P(Tt) if iM represents an element of T 

and where tP t E = tE, tP r E = rE, rP t E = iQg and tP t e = tQe- Let X 2 be the set of 
parallel paths 

{(E, P.eQeP^e 1 ) : E = (a, r, e, (3) G P(T S ), a, (3 £ Au B U C U Z U {1} & e e {+1, -1}}. 
Note that X 2 is finite when Vs is a finite presentation. 

Lemma 14. Lei E 6e an edge in T$. 

(i) If lE represents an element of S \T then there exist paths P3,P4 G P+(r) and 
Q G B l ■ P(T G ) ■ C l such that E ~ x P3QP4 1 . 

(ii) If iM represents an element ofT then there exist paths P3,P4 G P+(T) andQ G P(Tt) 
such that E ~ x P3QP4 1 - 

Proof, (i) Let E = (u, r, e, v) be an arbitrary edge of the graph T$- Since lE represents an 
element of S\T, and since T is an ideal, it follows that every subword of the word lE also 
represents an element of S\T. It now follows by Lemma fTTH) there is a path Pi G -P+(r) 
from u to some v! G i? 1 J 4*C 1 , and a path P 2 G P+(T) from u to some v' G P 1 ^**? 1 . 
Appling (HI) gives 

E ~ (Pi • r e v)(u'r t -F 2 )(u',r,e,v')(F^ 1 ■ r_ e v')(ur_ t -F^ 1 ). 

Now consider the edge E' = (u', r, e, v'). Write u' = u"a and v' = f3v" where a, (3 G 
4UfiUCU{l}, and where a (resp. (3) is empty only if u' (resp. v') is empty. Putting 
F = (a, r, e, (3), from the definition of X 2 we have 

E' = u" ■ F • u" ~x 2 u" • P,fQfP;e • v". 
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Next by applying Lemma [12] since lQr,tQ$ G B 1 ■ A* ■ C 1 we deduce that 
u"lQ ¥ v",u"tQ ¥ v" G B 1 A*C 1 and by the definitions of Q F and of B 1 ■ P(T G ) ■ C 1 this 
implies 

it" • Qf • v" G B 1 -P(T G ) -C 1 . 
This completes the proof of part (i) since we have E ~x 2 IPsQIP^" 1 whereP3 = {F\-r t v){u'r e - 
F 2 )(u"-¥ i¥ -v"), P 4 = (ur„ t -F 2 )(F v r^ e v')(u"-F rW -v"), and Q = u"-Q ¥ -v" G B 1 ■ P(F G ) ■ C l . 

(ii) We proceed in much the same way as in part (i) except that here we need also 
to apply Corollary [31 Let E = (u, r, e, v) be an arbitrary edge of the graph T$- It now 
follows by Lemma [TT] that there is a path Pi G P+(r) from u to some u' G B 1 A*C 1 U Z + 
(depending on whether it represents an element of T or of S \ T), and a path P2 G -P+(r) 
from v to some v' G B 1 A*C 1 U Z + . Applying (HI) gives 

E ~ (Pi • r e v)(u'r e ■W 2 )(u' ,r,e,v')(¥^ • r_ e i/) (ur_ e • P~ x ). 

Now consider the edge E' = (u',r, e,v'). Write u' = u"a and v' = j3v" where a, (3 G 
Z U AU B U C U {1}, and where a (resp. /3) is empty only if v! (resp. v') is empty. It now 
follows from Lemma [12] that the word ar e (3 (and hence also the word ar- e f3) represents 
an element of T. Indeed, if ar t (3 represented an element of S \ T then by Lemma [12] it 
would follow that ur e v represents an element of S\T, contrary to the assumption that lE 
represents an element of T. 

Now putting E = (a, r, e, (5) from definition of X 2 we have 

E' ~ Xa u" ■ P.fQfP^ 1 • v" 

Since both ar e f3 and ar_ e /3 represent an element of T it follows that lQ ¥ ,tQ ¥ G Z + and 
hence by definition Q_ ¥ G P(IY). Now by Corollary H] applied to it" -Q ¥ -v" there are paths 
P 5 ,P 6 G P+(T) and Q G P(T T ) such that 

1/" • Q F • v" ~x PsQP^ 1 . 

This completes the proof of part (ii) since we have E ~x P3QP4 1 where P3 = (Pi -r e v)(u'r € - 
P 2 )(n" • P tF • v")F 5 , P 4 = (itr_ £ • P 2 )(Pi • r_ e i/)(it" • P rF • i/')P 6 , and Q G P(T T ). □ 

The parallel paths X3. For any pair of positive edges Ei, E 2 from P+(T) with tEi = lE 2 , 
by Lemma [TT] and Lemma [TOl we can fix paths P t e 1 ,P t f 2 G P+(T) and 

^_ I P 1 • P(T(j) • C 1 if tEi represents an element oi S\T 
i' 2 I p(r-r) if tEi represents an element of T 

such that rEi = tP r E 1} tE 2 = tP T E 2 , tF t¥i = tQEi,E 2 an d tF t¥i1 = tQe 15 e 2 - We then let 
X3 be the following set of parallel paths: 

{(E 1 P t e 1 Qe 1j e 2 ,E 2 P tE2 ) : Ei,E 2 G P+(T), tE x = tE 2 & |tEi| < 2|e| + 3}. 

Recall that e is the word from A + representing the identity of the group G that appears in 
the presentation Vs- The restriction |tEi| < 2|e| +3 comes from consideration of lengths 
of words appearing on left hand sides of the relations in Rq U Rjj U Rt- 

If Vs is a finite presentation then X3 is finite. To see this, first observe that for every 
vertex w of Vs the number of edges E of T$ with lE = w is finite, as w has finite length and 
there are only finitely many relations that can be applied to w. So since in the definition 
of X3, lEi and tE 2 can be only one of finitely many words, since the generating set in the 
presentation Vs is finite, it follows that there are only finitely many possibilities for Ei 
and E 2 . Hence X3 is finite. 

For the following proof the notion of the applications of relations to a word "overlapping" 
is important. For two edges Ei,E 2 G P+(T) with tEi = tE 2 we say that Ei and E 2 do not 
overlap if we can write tE% = ur + \vs + \w, where u,v,uu G (A U B U C U Z)* and 

{Ei,E 2 } = {(n,r + i = r_i, +1, vs+iw), (ur +1 v,s + i = s_i,+l,io)}. 
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Otherwise we say that Ei and E2 overlap. 

Lemma 15. Let Ei,E 2 G P+(T) with iEt = dE 2 . 

(i) If iEi represents an element of S \ T then there are paths P, P' € -P+(r) and Q G 
B 1 ■ P(T G ) ■ C 1 such that EiPQ ~ x E 2 P'. 

(ii) If iEi represents an element ofT then there are paths P, P' G -P+(r) and Q G .P(IY) 
sue/* toot EiPQ ~ x E 2 P'. 

Proof, (i) If Ei = E 2 then the result holds trivially by Lemma fTTl so suppose that Ei ^ E 2 . 

Next suppose that Ei and E 2 do not overlap. So without loss of generality we have iEi = 
iE 2 = ur + ivs + iw, Ei = (u,r + i = r_i, +1, v s + iw), and E 2 = {ur + \v , s + \ = s-i,+l,w). 
Then define Fi = (ur_iv, s + \ = s-i,+l,w) and F 2 = (u,r + i = r-%,+l,vs-iw). By 
Lemma [TT] we can fix a path Pi G P + (T) from ur_ivs_\w to a word x G i^^C 1 . Now 
set Q to be the empty path l x , and set P = F1P1 and P' = F 2 Pi. Applying (HI) we have 
E1F1 ~ E 2 F 2 and hence EiPQ ~ E 2 P', as required. 

Now suppose that Ei and E 2 do overlap. It follows that there exist F3,F4 G -P+(r) and 
words w\,W2 G (AU BUCU Z)* such that 1F3 = l¥±, Ei = w\ -F3 • W2, E 2 = wi - ¥4 ■ W2 and 
|tFa| = I/.F4I < 2 1 e I + 1. This inequality comes from the fact that Ei and E 2 overlap, and 
that the lengths of the words appearing as left hand sides of the relations in Rq U Rjj U Rt 
are bounded above by |e| + 1. 

As in the proof of Lemma fl4lfi). applying Lemma [TlTi) there is a path Pi G -P+(r) from 
w\ to some word w[ G B 1 A*C 1 , and a path P 2 G P+(T) from w 2 to some w' 2 G B 1 A*C 1 . 
Write w' x = w'(a and w' 2 = fiw 2 ' where a, (3 £ AU B U C U {1}, and where a (resp. (3) is 
empty only if w[ (resp. w' 2 ) is empty. Let 

Ei = w'l ■ (a ■ F 3 • fi) ■ w' 2 , E' 2 = w'l ■ (a • F 4 • (3) ■ w' 2 ' 

Applying (HI) we obtain 

Ei (Pi • tF 3 u> 2 )KtF 3 • P 2 ) ~ (Pi • iF 3 w 2 )(u» , itF 3 • P 2 )Ei (7) 

and 

E 2 (Pi • rF 4 u; 2 )(?i; / 1 rF4 • P 2 ) ~ (P x • ^^{w'^a ■ P 2 )E' 2 (8) 

= (Pi-iF 3 u; 2 )K t F3-P 2 )E 2 

since Z.F3 = lF^. Then by definition of X3, and since \i{a ■ F3 • (3)\ = \l¥^ \ + 2<2|e|+3we 
have 

((a • F 3 • /3)P T ( a .F 3 ./3)Qa-F3-/3,Q-F4-/3, (a • F 4 • /3)P T ( Q . F4 ./3)) G X 3 . 

Hence by acting on the left by w'{ and on the right by w 2 we obtain 

E[(w" ■ P r (a-F 3 -/3) (! 2«-F3-/3,a-F4-/3 ' W 2 ) 

~x a E£« • P r{a . F4 .^) ■ w'i). (9) 

To complete the proof of part (i) we now set 

p = (Pi • tf 3 ^ 2 )Ktf 3 • p 2 )K • p T(a .F 3 ./3) • w'-i), 

which is a path in P + (r), define 

P' = (P x . tF 4 ^ 2 )(u/itF 4 • P 2 )« ■ P t(q .f 4 ./3) • w'i), 

which is a path in P + (r), and set Q = w" ■Q a -¥3-p,a-V4-/3 'W 2 - As in the proof of Lemma [Til 
to see that Q G B 1 ■ P{T G ) ■ C 1 we apply Lemma to w'{(aTF 3 /3)w 2 ' and w'{(aTF 4 l3)w' 2 , 
deducing that iQ, rQ G B 1 A*C 1 , which along with the definition of Q a .F 3 / 3,o-F4 /3 implies 
that Q G B l -P{T G )-C l . 

(ii) We proceed in much the same way as in part (i) except that here we need also to 
apply Corollary HI The cases when Ei = E 2 , or when Ei and E 2 do not overlap, are dealt 
with in exactly the same way as in part (i). 
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Now suppose that Ei and E2 do overlap. As in part (i) it follows that there exist 
F 3 ,F 4 G P + (r) and words w u w 2 G (AUBUCUZ)* such that tF 3 = tF 4 , Ei = w 1 -¥ 3 -w 2 , 
E 2 = Wl ■ F 4 • w 2 and |tF 3 | = |tF 4 | < 2je| + 1. 

As in the proof of Lemma [T3Tii). applying Lemma [11] there is a path Pi G -P+(r) 
from Wi to some word w[ G B 1 A*C 1 U Z + , and a path P2 G -P+(r) from w 2 to some 
u> 2 G B l A*C 1 U Z+ Write w[ = w'{a and u> 2 = f3w' 2 ' where a,^eZUAU5UCU {1}, 
and where a (resp. /?) is empty only if w[ (resp. w' 2 ) is empty. Let ¥[ and E' 2 be defined 
in the same way as in part (i). Then in exactly the same way as in part (i) we can prove 
that the equations 0, ([8]) and ([9]) all hold. Here we set Q' = w'{ • Qa-¥ 3 -/3,a-¥ 4 -/3 ■ w 2 - 

Next, in contrast to part (i), we claim that here Qa-F 3 / 3,« F 4 /3 G P(^t)- To see this it is 
sufficient to show that ar¥ 3 (3 and arF 4 /3 both represent elements of T. If a or /3 belongs 
to Z then this is obvious. Otherwise, by Lemma [T2l if arF 3 /3 represented an element of 
S \ T then it would follow that iQ' also represents an element of £ \ T, a contradiction. 
Similarly we see that arF 4 /3 must represent an element of T, and this completes the proof 

that Q a .v 3 -p, a -w 4 -p £ p ( t t)- 

Finally, by Corollary H there exist paths P 3 ,F 4 G P+(r) and Q G P(T T ) such that 



Q 1 PsQP 4 ■ This completes the proof of the lemma, with Q defined as above, and by 
setting 



and 



t¥ 3 w 2 )(w[t¥ 3 ■ P 2 )« • P r(Q . F3 . /3) • OP 3 



(Pi • tF 4 u; 2 )KtF 4 • F 2 )(w'{ ■ P T(a . F4 . /9 ) • ^2)^4, 



which are both paths in P + (r). □ 

The next thing we want to do is to extend Lemma [15] to a statement about paths. To 
do this we need to introduce a function on words that, roughly speaking, gives a measure 
of how close that word is to being in quasi-normal form B 1 A*C 1 U Z + . 

As in the proof of Lemma [Til given a word w G W + and a subset V C W we write 
|w|v to denote the total number of letters of w that belong to V. Now we define 

F : (AU BUCU Z) + -> NxN 

F(to) = (| to I sue, kU)- 

Note that -F(w) does not depend in any way on the number of letters from Z in w. Now 
define the following total order < on N x N by 



(ni,mi) < (n 2 ,m 2 ) <=> 



I ni < n 2 or 

I m = n 2 and m\ < m 2 . 



Clearly with this ordering (N x N, <) is well-founded (since it is the lexicographic product 
of two well-founded orders) with a unique minimal element (0, 0), which allows us to apply 
well-founded induction (as we shall do below in the proof of Lemma [T7[) . 
Also define addition on pairs of natural numbers in the usual way where 

(ni, mi) + (n 2 ,m 2 ) = (m + n 2 ,mi + m 2 ). 

The idea behind the definition of F is that given a vertex of T if there are no edges from 
-P-t-(r) coming out of it, it means that that the vertex belongs either to B 1 A*C 1 U Z + , 
and as the number F(w) decreases, the closer we are to having our word in quasi-normal 
form. 

Lemma 16. The function F has the following properties. 

(i) F(w\w 2 ) = F{w\) + F(w 2 ) for all words w\,w 2 ; 

(ii) F(w) = (0,0) if and only if w G Z + ; 
(Hi) F(tE) < F(lE) for all E G P+(T). 
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Proof. Parts (i) and (ii) follows straight from the definitions. Part (iii) is proved by 
using part (i) and checking that (iii) holds for the edges E = (l,r, +1,1) where r G 
R U R v U R T . □ 

Lemma 17. Let Pi,P 2 G P+(F) with dPi = iP 2 . 
(a) If tPi represents an element of S \ T then there are paths P, P' G -P+(r) and Q G 

B 1 ■ P(F G ) ■ C 1 such that PiPQ ~ x P 2 P'. 
(ii) If iPi represents an element ofT then there are paths P, P' G -P+(r) and Q G P(IY) 
snc/i i/iat PiPQ ~ x E 2 P'. 

Proof. For m, re G N, let R(m, re) denote the following statement: 

R(m,n): Lemma [T7] holds for all paths Pi and P 2 such that P(iPi) = 
(m, re). 

We shall prove R(m, n) for all re, rre G N by well-founded induction. First note that P(0, 0) 
holds trivially. Now we shall prove 

For any m,n G N, if R(x, y) holds for all (x, y) < (rre, re) then R(m, re) 

holds. 

First consider part (i). Let Pi,P 2 G P+(r) with tPj = tP 2 and where tPj represents an 
element of S \ T. If tPi belongs to P^^C 1 then the result holds trivially, so suppose 
otherwise. Also, if one of Pi or P 2 is the empty path then the result is easily seen to be 
true by applying Lemma [TTT so suppose not. So we can write Pi = EiP^ and P 2 = E 2 P 2 
where Ej are edges in -P+(r) and P^ and P 2 both belong to P+(r). By Lemma I15fi) 
there are paths P 3 ,P 4 G V+(F) and Q' G B 1 ■ P{T G ) ■ C 1 such that EiP 3 Q' ~ x E 2 P 4 . 
Now Pi,P 3 G P+(T), lP[ = iP 3 and by Lemma US we have F(lP[) < F(tPj). So by the 
inductive hypothesis there exist paths P" G P+(r) and Qi G B 1 ■ P(F G ) • C 1 such that 
PiP'/Qi ~ x P3- Likewise there exist paths P 2 G P+{F) and Q 2 G B 1 ■ P{F G ) ■ C 1 such 
that P 4 Q 2 ~ P 2 P 2 . Combining these observations together, we have found Pi,P 2 G P+(F), 
and QiQ'Q 2 G B 1 ■ P(T G ) ■ C 1 such that 

PiPi'QiQ'Q 2 P 2 P 2 , 

as required. 

The proof of part (ii) is done in exactly the same way as the proof of part (i) but by 
applying Lemma [ToTii) . □ 

The following corollary is now immediate. 

Corollary 5. Let Pi,P 2 G P+(F) with iPi = tP 2 . 
(i) If tPi represents an element of S \ T and rPi,rP 2 G B l A*C 1 then there is a path 

Q G P 1 • P(F G ) ■ C such that Pi ~ x P2<Q- 
(m,) If iPi represents an element ofT and rPi,rP 2 G Z + then there is a path Q G P(r-r) 
snc/i f/wrf Pi ~x P 2 Q. 

Lemma 18. Let P 6e any pai/i in F$- 
(i) If tP represents an element of S\T then there exist paths Pj,P m G P+(r) and 

Q G P 1 • P(r G ) • C 1 snc/i that P ~ x PiQPm 1 - 
(■ii) IfiP represents an element ofT then there exist paths Pj,P m G P+(r) andQ G P(IY) 
snc/i t/iai P ~ x PiQPm 1 - 

Proof, (i) If P is empty then the result holds trivially by Lemma [TTT so suppose otherwise. 
Let P = EiE 2 . . . E m , where each Ej is an edge of F$- By Lemma fTTii) there are paths 
Pi,P^ G P+(F) and Q 4 G B 1 ■ P(F G ) ■ C 1 , such that rPj,rP< G P^C 1 and Ei ~x 
P^QiPr 1 for i = 1, . . . , m. Hence 

p ~x p' 1 QiPr 1 P 2 Q 2 P 2 1 . . . r m q m F m \ 
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Since tP* = tPj +1 and rP;,rP^ +1 G B 1 A*C 1 , by Corollary Eft) there is a path € 
B 1 ■ V(T G ) ■ C 1 such that P^ +1 ~ x P^ so that Pr 1 pj +1 ~ x QJ. Thus 

P ~ x PiQiQiQ 2 Q 2 • • • Qm-lQ'm-lP^ 1 , 

as required. 

The proof of part (ii) is done in exactly the same way as part (i) , except that we apply 
Lemma [LlTii) and Corollary [5jii) . □ 

The parallel paths X e . Let X e denote the following set of parallel paths of Tg 

{( (6i, ec A = c x , +1, 1), (1, he = h, +1, c x ) ) : * G I \ {1}, A G A \ {1}}. 
Note that X e is finite when both I and A are finite. 

Lemma 19. Let Q be a path in B 1 ■ P(T G ) ■ C 1 . 

(i) If neither lQ norrQ belongs to BUCUBC then there exists apathQ' in B 1 -P(T G )-C 1 
such that Q ~x e Q'- 

(ii) If both lQ and rQ belong to B U C U BC then it follows that tQ = rQ, and taere 
exists a path Q' in S 1 • P(T G ) • C 1 and edges Ei, E 2 o/ B 1 ■ P(F G ) ■ C 1 such that 
Q ~x e EiQ'E 2 and E x E2 x . 

Proof, (i) Suppose that neither iQ nor rQ belongs to 5 U C U SC. If Q is empty or is 
already a path in B 1 ■ P(Tq) ■ C 1 then the result is trivial. Otherwise there exists an edge 
E of the path Q with rE G BUCUBC. If rE G BuC then the edge E must be of the form 
(1, he = bi, +1, 1) or (1, ec\ = c\, +1, 1) for some i G A G A\ {1}. By consideration 

of the relations in the presentation Vs it follows that in the path Q the edge E must be 
immediately followed by its inverse E" 1 . On the other hand, if rE G BC then the edge 
E equals either E c = (pi, ecx, +1, 1) or E& = (I, he = bi,+l,c\), for some i G J\ {1}, 
A G A \ {1}. In this case rE = biC\ and in the path Q the edge E must be immediately 
followed by E" 1 or E^" 1 . Since (E c , E^) G X e it follows that in any of these situations we 
can remove E and the edge that follows it from the path Q to obtain a shorter path that 
is ~X; related to the original. Repeating this process, after a finite number of steps we 
obtain the desired path Q' from B 1 ■ P(T G ) ■ C 1 with Q Q'- 

(ii) Suppose that lQ,tQ G BUCUBC. The fact that iQ = rQ follows from Lemma[lOl 
If Q is empty then the result holds trivially by setting Ei to be any edge with initial vertex 
lQ and terminal vertex in BA + (or CA + or BA + C depending on the value of lQ) and 
letting E 2 = EJ -1 . Now suppose that Q is not empty, and let E be its first edge. Now Q is 
a closed path, and iQ belongs either to B, C or BC. In the first two cases there is only 
one edge in B l ■ P(Tq) ■ C l with initial vertex iM\ and hence since Q is closed, the last 
edge of Q must be Ej -1 . Then the result follows by applying part (i). 

On the other hand, if iM\ G BC, then the last edge E 2 of Q satisfies rEi = tE 2 = hec\, 
for some i G /, A G A, and either Ei = E^ 1 or (Ei,E 2 ) G X e . Now the result follows by 
applying part (i). □ 

We are now in a position to complete the proof of Theorem [6j With the definitions 
given above we define X = X\ U X[ U X2 U X3 U X e U X G U Xt where X G is a homotopy 
base for the presentation (A\R) of G, and Xt is a homotopy base for the presentation 
(Z\Q) of T. Here X G is a set of parallel paths in the subgraph T G of Ts, and Xt is a set 
of parallel paths in the subgraph Tt of Ts- 

The proof of Theorem [6] is then wrapped up with the following lemma. 

Lemma 20. The set X is a homotopy base for the presentation Vs of S. 

Proof. Let Pi,P 2 G P(T S ) with (Pi,P 2 ) G||. We must prove that Pi ~ x P 2 . There are 
two main cases depending on whether or not lPi represents an element of T. 
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First suppose that tPi represents an element of S \ T. By Lemma [18] there are paths 
Pi,P 2 G P+(T), Pi',P^' G F_(r), and Qi,Q 2 G B 1 ■ P{T G ) ■ C 1 such that P; ~ x P-QiP" for 
i = l,2. By Corollary [5] there are paths Q 3 ,Q 4 G B 1 ■ V(T G ) ■ C 1 such that F[Q 3 ~ x P 2 , 
and P 2 ' ~ x Q4P". 
Claim. Qi ~ x Q3Q2Q4. 

Proof of Claim. First we show that for any pair of parallel paths (Q, Q') with Q, Q' both 
belonging to B 1 ■ P(T G ) • C 1 , we have Q ~x G Q'- Indeed, in this situation by Lemma [TUl 
there exist b G B 1 and c G C 1 with Q, Q' G 6 • • c. Hence we have Q = 6 • R • c for some 
R G Tc, and Q' = b • R' ■ c for some R' G Tq- Since X G is a homotopy base for T G it 
follows that R ~x G R' which, by acting on the left by b and the right by c, implies that 

Q ~x G Q'- 

Returning to the proof of the claim, suppose that neither lQi nor rQi belongs to 
BUCUBC. Then by LemmaQj^i) it follows that there exist paths Q 5 , Q 6 in B l -P(T G )-C l 
such that Qi ~x Q5 and QaQ 2 Q4 ~x Q6- By the previous paragraph, since Qs,Q6 £ 
B 1 ■ P(Tq) ■ C 1 are parallel paths we obtain Q5 ~x Qq and hence 

Qi ~x Q 5 ~x Qe ~x Q3Q2Q4. 

Now consider the case that one of lQi or rQi belongs to BUCU i?C. Suppose the former, 
the latter case is dealt with in much the same way. Now let Q" = Q1Q4 1 Qz 1 QJ 1 , so Q" 
is a closed path with lQ" = rQ" G B U C U BC. By Lemma fTWii) there exists a path 
Q'" in • P(T G ) • C 1 and edges Ei, E 2 of B 1 ■ P(T G ) ■ C 1 such that Q" ~ x EiQ w E 2 
and Ei ~x E^ . Since (l t Q"',Q /// ) is a pair of parallel paths both from B 1 ■ P(T G ) ■ C 1 it 
follows from the observation above that Q'" ~x G ltQ""- We conclude 

Qi ~ Qi(Q 3 Q 2 Q4)- 1 (Q3Q2Q4) = Q"(Q 3 Q 2 Q4) ~x E 1 Q W E 2 (Q 3 Q 2 Q4) 
~x Eil t Q///E 2 (Q 3 Q 2 Q 4 ) = E 1 E 2 (Q 3 Q 2 Q 4 ) ~x E 2 T 1 E 2 (Q 3 Q 2 Q 4 ) ~ Q 3 Q 2 Q4- 

This covers all possible cases and completes the proof of the claim. □ 
Using the claim we conclude 

Pi ~x P'xQiP" ~x P1Q3Q2Q4P1 ~x P2Q2P2 ~x P2, 

completing the proof in the case that iPi represents an element of S \ T. If tPi does 
represent an element of T then the proof is more straightforward. We follow the same 
steps as above (using part (ii) each time a Lemma is applied) except that Qi G P(Tt) for 
i = 1,2,3,4, and we make use of the fact that Xt is a homotopy base for to prove 

Qi ~x T Q 3 Q 2 Q 4 - □ 

To complete the proof of Theorem [61 suppose that G and T have finite derivation type. 
Let V G and Vt be finite presentations for G and T respectively. Then Vs defined above 
is a finite presentation for S. Let X G and Xt be finite homotopy bases for V G and Vt 
respectively. Then we have seen above that X = X\ U X[ U X 2 U X 3 U X e U X G U Xt is a 
finite homotopy base for Vs- Hence S has finite derivation type. 
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